Abstract. The linear gravity waves created by a moving oscillatory source are considered in a fluid of finite uniform depth bounded on one side by a vertical cliff. The unsteady asymptotic waves are determined by Bliestien's asymptotic expansion to the exact Fourier transform solution. Several physically interesting results are obtained. The fronts of each of the waves generated by the source are determined for all times and for all values of the parameters. The physical cause of the singularity of solution for certain values of the parameters is explained.
1. Introduction. We study the linear two-dimensional gravity wave problem generated by a source which moves with a constant velocity V and oscillates with a frequency a>. The fluid is incompressible inviscid and of finite uniform depth h and is bounded on one side by a vertical cliff.
This problem without the cliff has been considered by Debnath and Rosenblat [3] and there are similar problems considered by many other authors. The problem with surface tension has been investigated by Pramanik and Majumdar [4] , The linear case and also some nonlinear considerations have been studied by Akylas [1] , A similar problem on a sloping beach has been considered by Sarkar [5] . Generally the long time behaviour of the resulting far field waves are determined by the asymptotic estimate of the integrals in the Fourier transform solution and the asymptotic method in most cases has been the method of stationary phase. However, this method fails when a stationary point of certain integral coincides with its pole. Methods are available to overcome this difficulty. The method of Bliestien [2] is particularly suitable for the present case.
Mathematically the coincidence of a stationary point with the pole represents some functional relationship between three parameters a, b , and c, where a represents the dimensionless velocity V, b the dimensionless frequency co, and c the dimensionless ratio between the distance and the time. Treating these relations as some surfaces in the (a, b, c) space, these surfaces are determined for all possible values of the parameters. Then it is ultimately shown that these surfaces physically represent the positions of the wave fronts for various values of the parameters V , co, and h and each front moves with the group velocity of the corresponding wave. As found by Debnath and Rosenblat, it is also found here that four progressive waves are generated by the source. Referring to a fixed set of axes, three waves and their fronts move in the direction of motion of the source. Among them one front remains in the upstream side and two in the downstream side. The remaining wave and its front move in the opposite direction of motion of the source and on reaching the cliff are reflected back and this reflection occurs for all possible values of the parameters, though for large values of a> the front of the reflected wave remains very near to the cliff. The physical reason for the occurrence of the singularity of solution for certain values of the parameters is explained. It is observed that for those values of the parameters the two wave fronts, one in the upstream side and the other in the downstream side, coincide at the source. As a result the energy created by the source cannot come out of it.
2. Formulation. We consider the two-dimensional problem of wave generation on the surface of incompressible inviscid fluid of finite uniform depth bounded on one side by a vertical cliff. The wave generating mechanism is the applied free surface pressure distribution p(x, t) which is switched on at the initial moment t = 0 and at the same time moves with a uniform velocity V away from the cliff, where the x-axis is along the undisturbed free surface and the y-axis is vertically upwards. Then in the fixed coordinate system with the origin at the cliff we have the following initial-boundary value problem:
(pxx + <Pyy = ° in 0 < x < oo, -h<y<0, ?>0,
<pt + gri+ ^p{x, t) = 0 1, = <Py at v = 0.
If we suppose that the pressure distribution initially occupies the interval (0, /) in Eq. (2), then p(x, t) is nonzero only over the interval (V t, I + V t).
<px -0 at x = 0, <py = 0 at y = -h,
cp(x, y, 0) = 0, rj(x,0) -0,
where <p(x , y, t) is the velocity potential, t](x, t) is the free surface elevation, and h is the depth of the fluid. The functions here are assumed defined as generalized functions as was done in [3] .
To solve the problem we write (p and p in the following integral form:
71 0 * ^0 Substitution of (6) into (2) and (3) gives p(x,t) = \l-I p{k , t) cos kxdk . 
V n gp Jo Jo Now, since p(x, t) is nonzero only over the interval (Vt, I + Vt), the inversion of (6b) gives
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Again we suppose that p(x, t) = f(x)e'w and that the value of the function f(x) depends only on the distance from the end point of the pressure region. Substitution of all these into (7) finally gives 
3. Asymptotic unsteady waves. We are interested in the asymptotic waves for large values of t and x such that x/t remains finite. The dominant contributions to this asymptotic value come from the stationary point and the poles of the integrals. We note the poles are the roots of the following equations:
a -kV -co.
While the second and the third equations each always have one root, say a3 and a4 , respectively, the first may have two roots, say a{ and a2 (a, < a2). For certain values of the parameters V , co, and h the two roots may coincide, thereby forming the double pole. We shall elaborate on this point below. Meanwhile we denote this case by writing V = V* and note that for V < V* both a, and a2 exist, and for V > V* none exist. There may be one stationary point to various integrals. This stationary point k = a0 is the solution of the equation
We note that a0 exists only when \fgh > x/t. The asymptotic value of an integral containing either a pole or a stationary point can be obtained by well-known standard methods. For an integral containing both a stationary point and a pole, Bliestien's method may be conveniently applied. We consider the integral /,4 . For V* > V and (gh){/2 > x/t, we break it up as follows:
To evaluate 7, the following transformation is made:
where we introduce the notation an = CT(Qn)> « = 0, 1,2,3,4.
Then it follows that the pole k = a, and the stationary point k -a0 correspond respectively to u = 0 and u --a, . Also we get the relations
sgna, = sgn(a, -aQ).
These two relations determine the unknown parameter a,. Then, using Bliestien's expansion, Jx is approximately reduced to
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The integral J2 can be similarly evaluated. The complete asymptotic values of the integral /14 are as follows:
+it~l/2B ei{t{a»+a»,2-a"x)} (for \fgh > x/t, V* > V) = ni^2,Anel{'a,'t~a"x) (for y/gh < x/t, V* > V) 
Here the quantities a3 and a4 are related respectively to the roots a3 and c*4 in the same way as a, is related to a, and
4. Steady states waves. For t -> oo, the above system reduces to a steady wave system with constant amplitude and the expression for t] takes a simple form. To write down this expression for r/ in a convenient way we introduce the following notation:
Then we have the following expression for the steady state value of t]: From the above expression it follows that the nature of the ultimate wave pattern depends upon the relative magnitude between the elements of the pairs (V, V*), (.x/t, V), {x/t, \fgh), and (an , aQ), n = I4. This implies that the existence and position of each of five waves represented in (17) depend upon the values of the parameters V, co, and h and also on the ratio x/t.
For given values of these parameters the distributions of the waves can be determined in the following way. 
This is again a surface SQ in the (a, b, c) space and in fact this is a cylindrical surface with generators parallel to the c-axis. The section of this surface by a plane c = constant has the constant form shown in Fig. 3 . This is the curve obtained by Debnath and Rosenblat [3] though the parameters a and b are defined by them in a slightly different way. The section of SQ by the plane a = constant < 1 is a straight line, shown in Fig. 1 by the dotted line. This straight line touches the curves c, and c, at B . Now in the different regions separated by these curves the relative magnitudes between the quantities mentioned above can easily be determined. We at first consider the case in the (b, c) plane for a fixed value of a. We note that V > V* for points (b, c) above the dotted line, while the reverse takes place for (b, c) below this line. To determine the relative magnitude between aQ and an , n = 1,2,3,4, we proceed as follows. We fix the value of the quantity b and increase c from zero. Then all an are fixed anddecreases from infinity. In 
It is easy to see that T, is the curve along which the surface S0 touches the surfaces 5, and S-, and both curves are in fact plane curves lying in the plane a = c. These curves are shown in Fig. 4 where OA' is the line of intersection of the plane a -c with the (a, c) plane. Now the plane a -c has the physical significance that it is the plane generated by the positions of the source for all possible values of the source velocity a. Thus the points to the left and to the right of this plane represent respectively the downstream and upstream sides. Thus the surface 5, lies in the upstream side and the surface S2 in the downstream side. For points (a, b) below the curve T-,, c3 lies in the upstream side, while for (a, b) above V2, c3 is in the downstream side.
It is now easy to understand that the surfaces Sn physically represent four moving lines on the water surface. Let these lines be denoted by x = xn , n = 1, , 4, and let x = x0 represent the position of the source. Then the following inequalities at once follow: X4 < X2 < X0 < Xl < X3
for (a', b) below the curve T. , t]l, t]2, and t]4 , respectively, and S3 is the wave front of the reflected wave ?/3 . Each wave front moves with the group velocity of the corresponding wave and moves in the direction of motion of the source. This is evident from the equations of representation of the surfaces Sn. There is no wave front of the wave . It is the only wave that moves in the opposite direction of motion of the source and, since it has the greatest group velocity, is reflected before forming a front. Had there been no cliff, its front would be found on the other side of the cliff. For all values of the parameters the dimensionless group velocity of ?/, is greater than the dimensionless source velocity a. That is why this wave front is ahead of the source whenever >7, exists. Similarly since the group velocity of and rj4 is always less than a, their fronts are behind the source. For points (a, b) below the curve T2 , the group velocity of rj'3 is greater than a so that its front is ahead of the source. But for (a, b) above Y2, since the group velocity of t]'3 is less than a, the front cannot reach the source.
It is noted that all the fronts always lie to the left of the plane c = 1 . This follows from the fact that in a fluid of finite depth the maximum value of the dimensionless group velocity is 1 and the maximum distance covered by any front at any time from the starting point is given by c = 1 . That is the reason for which some wave fronts exist in the upstream side for a < 1 while for a > 1 there is no front in the upstream side.
For a fixed value of a < 1 as b increases from zero, the group velocity t]{ decreases, remaining greater than a, and that of rj2 increases, remaining less than a, so that the two fronts gradually come close to each other. Ultimately, when b reaches the value such that the point (a, b) lies on the curve T, , the group velocities of and rj-, become equal to a and the fronts coincide at the source. Then the waves t]r and rj2, though generated by the source, cannot come out of the source. This is the cause of the singularity of the solution for these values of the parameters. As b still increases 77, and rj2 do not exist and the group velocities of and a/4 continually decrease. For large values of b , the group velocities of rj3 and r)A being small, their fronts remain always near the starting point at the cliff. The free surface elevation is computed for the pressure distribution where f(x) = constant = p0 in 0 < x < /. The results are expressed in dimensionless form. The wave number k is made dimensionless by the length scale h and rj is made dimensionless by p0/{pg). Then x/h and t(g/h)l/2 become respectively the dimensionless distance and time, and, in the expression for t], there appear the dimensionless quantities a, b, and l/h . Figure 5 shows the result for a -0.1 , b = 0.5, and l/h = 1 . It follows from the figure that there is regular interference between the various components of the wave, and the main disturbance is confined downstream in the neighborhood of the source. In the upstream side and far downstream the disturbance is small.
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